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The orb t - o r b i t ,  spin-spin and s p i n - o r b i t  Hamiltonians 
of t h e  Bre i t -Pau l i  approximation a r e  expressed i n  terms of 
i r r e d u c i b l e  t e n s o r s .  One- and two-center expansions are  
- 
g iven  i n  a form i n  which t h e  coord ina te  v a r i a b l e s  of t h e  
i n t e r a c t i n g  p a r t i c l e s  are separa ted .  I n  the one-center  ex- 
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pansioos of t h e  o r b i t - o r b i t  and s p i n - o r b i t  Hamiltonians t h e  
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u s e  of t h e  g r a d i e n t  formula reduces  some of the i n f i n i t e  
sums t o  f i n i t e  ones.  Two c e n t e r  expansions are  d i s c u s s e d  
i n  d e t a i l  f o r  the  case o f  non-overlapping charge  d i s t r i b u -  
t i o n s .  The angular parts of the matrix e lements  of these 
Hamil tonians are  eva lua ted  f o r  product  wave f u n c t i o n s .  
1 e I n t r o d s e t i o n  
R e l a t i v i s t i c  e f f e c t s  cause energy s p l i t t i n g s  and energy 
s h i f t s  i n  atoms ar,d m o i e c i l e s .  They are  r e s p o n s i b l e  ?or 
.. 
c e r t a i n  ' i fo rb idden  t r a n s i t i o n s - '  wnicn are  o f t e n  s i g n i f i c a n t  
i n  s p e c t r o s c o p y .  These e f f e c t s  a l s o  modify the  i n t e r a c t i o n  
between atoms and molecu le s  a t  l a r g e  s e p a r a t i o n s .  
The lowes t  o r d e r  r e l a t i - J i s t i c  c o r r e c t i o n s  tc the  energy 
o f  a s y s t e m  can be c a l c c l a t e d  b y  u s i n g  the B r e i t - P a u l i  
Hami l ton ian .  C o r r e c t i o c s  of order higher t h a n  a (where a 
i s  the f i n e  s t r u c t u r e  c c n s t a r i t )  cannot  be o b t a i n e d  c o n s i s -  
t e n t l y  i n  t h i s  approximat ion .  T h i s  Hami l tonian  i s  l i m i t e d  
t o  s y s t e m s  c o n t a i n i n g  n u c l e i  w i t h  Z<137. However, t h i s  
does  n o t  seem to be a p r a c t i c a l  l i m i t a t i o n  f o r  many pro-  
2 
blems s i n c e  the v a i e n c e  e l e c t r o n s  are  s h 2 e l d e d  b y  t h e  i n n e r  
s h e l l  e l e c t r o n s  and t h u s  ape n o t  a p p r e c i a b l y  a f f e c t e d  by  
the  b a r e  n u c l e a r  c h a r g e s .  I n  l o n g  r ange  f o r c e  calculations 
the B r e i t - P a u l i  approxirr ,ation i s  v a l i d  f o r  i n t e r m o l e c u l a r  
s e p a r a t i o n s  l e s s  t h a n  t h e  wavelength  of the  c h a r a c t e r i s t i c  
t r a n s i t i o n  i n  the molecu le s .  A t  l a rger  s e p a r a t i o n s  
r e t a r d a t i o n  e f f e c t s  become more i m p o r t a n t  and quantum e l e c -  
t rodynamics  m u s t  be u s e d  t o  c a l c u l a t e  the  h i g h e r  o r d e r  
3 c o r r e c t i o n s  ', 
I n  t h i s  paper  one-and two-center  expans ions  f o r  t he  
o r b i t - o r b i t ,  s p i n - s p i n  and s p i n - o r b i t  Hami l tonians  a r e  
d e r i v e d  u s i n g  t h e  algebra o f  i r r e d u c i b l e  t e n s o r s .  4y5 T h i s  
2 
t echn ique  makes i t  p o s s i b l e  to s e p a r a t e  t h e  c o o r d i n a t e  
v a r i a b l e s  of t h e  i n t e r a c t i n g  p a r t i c l e s .  If p roduc t  wave 
f u n c t i o n s  a r e  used,  t h e n  the  m a t r i x  e l e m e n t s  can  be e v a l u -  
a t e d  i n  a s t r a i g h t f o r w a r d  manner. 
I n  t h e  one -cen te r  expans ions  t h e  c o e f f i c i e n t  i n v o l v i n g  
the  r a d i a l  v a r i a b l e s  c o n t a i n s  a n  i n f i n i t e  sum. I n  t h e  c a s e  
o f  the  o r b i t - o r b i t  and s p i n - o r b i t  Hami l tonians ,  the  u s e  of 
the  g r a d i e n t  formula r e s u l t s  i n  a f i n i t e  sum.  
6 n ique  has  a l s o  been used by  Blume and Watson 
o r b i t  Hami l tonian .  
T h i s  t e c h -  
for t h e  s p i n -  
I n  t h e  two-center  expans ions  only t h e  e x p r e s s i o n s  for 
non-over lapping  cha rge  d i s t r i b u t i o n s  a r e  d i s c u s s e d  i n  d e t a i l .  
The g e n e r a l  c a s e ,  however, c a n  be t r e a t e d  u s i n g  the  same 
t e c h n i q u e s .  
For o t h e r  expans ions  and i n t e g r a t i o n s  of t h e  s p i n -  
s p i n  Hami l tonian  s e e  Ref .  7 .  
. 
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2. The Bre i t-  P a u l i  H a m i l  t onian 
The f o l l o w i n g  B r e i t - P a u l i  Hamiltonian'  d e s c r i b e s  t h e  
i n t e r a c t i o n s  o f  e l e c t r o n s  moving i n  a n u c l e a r  Coulomb f i e l d .  
The o p e r a t o r s  for the s p i n  and l i n e a r  momentum of t h e  j - t h  
e l e c t r o n  are  denoted  by s 
A l l  the  r e s u l t s  are  i n  a tomic u n i t s  ( ene rgy  i n  e /ao u n i t s ,  
l e n g t h  i n  a, u n i t s  where aois  t h e  Bohr r a d i u s ) .  
g o i n g  from e l e c t r o n  k to e l e c t r o n  j i s  r = r -r We 
u s e  Greek i n d i c e s  to d e s i g n a t e  n u c l e i  and Roman i n d i c e s  t o  
and p .  =(l/dv., r e s p e c t i v e l y .  
4-3 HJ *,I 
2 
The v e c t o r  
wjk & j  m k '  
r e p r e s e n t  e l e c t r o n s .  
The d e r i v a t i o n  of t he  B r e i t - P a u l i  Hami l tonian  i s  d i s -  
- 
9910 cussed  f o r  a 2 - e l e c t r o n  atom by Bethe  and S a l p e t e r .  
The g e n e r a l i z a t i o n  to a molecu la r  s y s t e m  i s  g i v e n  by 
H i r s c h f e l d e r ,  C u r t i s s  and B i r d .  The g roup ing  of  the terms 
i s  s i m i l a r  t o  the one used by Bethe  and S a l p e t e r : '  






Eq. (2-2) i s  the  usua l  n o n - r e l a t i v i s t i c  Hamiitonian for the  
s y s t e m ,  Z, i s  the  n u c l e a r  charge of the a - t h  nuc leus .  
The f irst  t e r m  i n  the  r e l a t i v i s t i c  Hamiltonian, Hrel> 
g i v e s  the o r b i t - o r b i t  i n t e r a c t i o n  cor responding  t o  the  
c l a s s i c a l  e l ec t romagne t i c  coupl ing of the e l e c t r o n s .  
The coup l ing  of the sp in  magnetic moments i s  g iven  b y  
. The Fermi c o n t a c t  term invo lv ing  the d e l t a  f u n c t i o n  HSS 
g i v e s  the behaviour  of t h i s  Hamiltonian when r = 0. The 
second t e r m  i s  only a p p l i c a b l e  when r # 0. 
d- k 
m j k  
HsL r e p r e s e n t s  the s p i n - o r b i t  magnetic coupl ing  between 
e l e c t r o n s .  
Hp is  the r e l a t i v i s t i c  c o r r e c t i o n  d u e  to t h e  v a r i a t i o n  
o f  mass w i t h  v e l o c i t y .  
HD i s  a t e r m  c h a r a c t e r i s t i c  o f  the  Dirac theory ,  which 
has no s imple  i n t e r p r e t a t i o n .  
I n  the above equa t ions  the  n u c l e i  are cons idered  f ixed 
(Born-Oppenheimer approximation)  and w e  assume no e x t e r n a l  
e l e c t r i c  o r  magnetic f i e l d s .  
I n  o rde r  t o  d e r i v e  the  one-and two-center expans ions  
of the Bre i t -Pau l i  Hamiltonian, i t  i s  convenient  t o  u s e  the 
algebra of i r r e d u c i b l e  s p h e r i c a l  t e n s o r s .  4’5 
a l lows  the s e p a r a t i o n  of the v a r i a b l e s  i n t o  product form 
and p e r m i t s  t h e  a p p l i c a t i o n  of the Wigner-Eckart theorem 
i n  the  c a l c u l a t i o n  of mat r ix  e lements .  The f i r s t  s t e p  i n  
t h i s  procedure i s  t o  w r i t e  the  v a r i o u s  terms i n  the B r e i t -  
T h i s  method 
12 
6 
P a u l i  Hamil tonian a s  c o n t r a c t i o n s  of i r r e d u c i b l e  t e n s o r s .  
To i l l u s t r a t e  t he  method o f  c o n t r a c t i o n ,  w e  c o n s i d e r  HLL 
s p e c i f i c a l l y  and +,her, s t a t e  t h e  r e s u l t s  f o r  t h e  other; r e l a -  
t i v  i s t i c Hami P t on 1 an  s w i thou t d e r f v a t i on 
I n  ' the first term of H,, one h a s  t o  c o n t r a c t  p . . p  
IJ i' kctJ mk' 
This ea:: be d5,ne by  i n t r o d u c i n g  the  f o l l o w i n g  s p h e r i c a l  
t e n s o r  of t h e  a r i b i t r a r y  v e c t o r  A 2 
Then 
(2-10 j
The second t e r m  o f  HLL car! be w r i t t e n  a s  a doub le  c o n t r a c -  
t i o n .  The f i rs t  c o n t r a c t i o n  i s  a s  f o l l o w s  
(2-11) 
w 
w h e r e Y l ( k k )  i s  a s o l i d  s p h e r i c a l  harmonic which i n  g e n e r a l  






The two s o l i d  s p h e r i c a l  harmonics can now be coupled t o -  
gether; i 4  
The Clebsch-Gordan c o e f f i c i e n t  C(l,l,e;OO) van i shes  u n l e s s  
(1 + 1 +e) i s  even and e is  i n  the range 0 t o  2. 




The f i r s t  p a r t  of Eq.  (2-15) c o n t a i n s  a c o n t r i b u t i o n  from 
t h e  e = 0 term of Eq.  (2-14). The Clebsch-Gordan c o e f f i c i e n t  
i n  Eq.  (2-15) can be g i v e n  i n  c l o s e d  fo rm.  
I n  a s i m i l a r  f a s h i o n  t h e  s p i n - s p i n  Hami l ton ian  can  be 
16 c o n t r a c t e d  to y i e l d .  
H,, = 2 
k ZJ’ (2-17) 
It i s  sometimes conven ien t  to c o u p l e  t h e  s p i n s  t o g e t h e r  
495 t o  form a t o t a l  s p i n  t e n s o r  d e f i n e d  b y  
Then the  Fermi c o n t a c t  term c o n t r a c t s  t o  a s c a l a r  and i n  
t h e  s p i n  d i p o l e - d i p o l e  term t h e  s p i n  t r a n s f o r m s  l i k e  a 
second r a n k  t e n s o r ;  
9 
i 2-19) 
I n  the  s p i n - o r b i t  Hamiltonian, HsL, one can  f irst  in -  
LI) 
t roduce  a t e n s o r  Tlf''x2) to g i v e  
(2 -20 )  
a n g u l a r  momentum o p e r a t o r  of e l e c t r o n  j w i t h  r e s p e c t  t:, 
nucleus  B .  
momentum o p e r a t o r s  about  a fixed c e n t e r .  Here i t  i s  con- 
v e n i e n t  t o  write them as a c o n t r a c t i o n  which s e p a r a t e s  
The v e c t o r s  ( ~ ~ ~ x l ~ ) ,  however, are n o t  a n g u l a r  
the p o s i t i o n  v a r i a b l e s  from the  momentum o p e r a t o r ;  
10 
The Clebsch-Gordan c o e f f i c i e n t  i n  Eq. (2 -21)  i s  g i v e n  b y  
( 2 - 2 2 )  
The rema in ing  r e l a t i v i s t i c  Hami l ton ians ,  Hp and HD, 
only  i n v o l v e  s c a l a r s  and t h u s  need n o t  be c o n s i d e r e d  
f u r t h e r .  
3. One-Center Expansions 
I n  g e n e r a l  t he  o r i g i n  o f  the  coord ina te  s y s t e m  i s  
a r b i t r a r y .  The v e c t o r s  r and r denote  the p o s i t i o n  of a 
nuc leus  and an e l e c t r o n  r e s p e c t i v e l y .  
*P  4 
The d e r i v a t i o n  of the one c e n t e r  expansion for HLL, 
Hss and €ISL r e s p e c t i v e l y ,  c o n s i s t s  of three s t e p s .  F i r s t  
one has  t o  expres s  t h e  Ye (ejk, p .  ) a s  a sum of products  i n  
the s p h e r i c a l  harmonics of ( 8  . )  and Then 
(l/r 
expansions a r e  coupled toge the r .  
F 
J k  
j '  J 
)" i s  expanded i n  a s i m i l a r  manner. F i n a l l y  the  two 
j k  
The g e n e r a l  a d d i t i o n  theorem for t h e  s o l i d  s p h e r i c a l  
harmonics i s  g iven  by Rose,  .1;4 
The one-center expansion f o r  (l/r 
i n  the form 





where R ( - n 9 e )  i s  a f u n c t i o n  cf r 
c o e f f i c i e n t s  f o r  n = L J 3  and 5 a r e  r e q u i r e d .  I f  one u s e s  
t h e  Laplace  expafision then  
and rk- Only t h e  r a d i a l  
j 
18 
h = O  ' 
( 3 - 3 )  
(3-5) 
where r and re s t a n d  f o r  t he  grea te r  o r  lesser of r and 
r 
c a l l y  w i t h  r e s p e c t  t o  r and r 
s i o n s ;  they i n v o l v e  powers of  ( r ?  f 
> j 
The c o e f f i c i e n t s  R(-ns(') can  a l s o  be w r i t t e n  s y m m e t r i -  
There a r e  two such  expan- k "  
k' 
j 
and ( r j  4- r k ) 
J 
r e s p e c t i v e l y  1 8 J 1 - 9  
Y 
C 
2 )  112 , n = P, P+2, P+4,  * - * ,  k where r = (r  + I: 
(2k)!! = 2'4".2k and (2k+l)!!  = 1 '3" ' (2k+l ) ;  
j 
F i n a l l y  Eqs. (3-1) and (3-2) a r e  combined u s i n g  t h e  coupl ing  
14  




Here t h e  sums over  q and t a re  e m t r o l l e d  by t h e  Clebsch- 
Gordan c o e f f i c i e n t s .  
One c a n  now apply E q ,  (3-12) t o  t h e  t e n s o r i a l  r e p r e i  
s e n t a t i o n  of t he  r e l a t i v i s t i c  Hamil tonians ( E q s .  (2-l5), 
(2-17) and (2 -20) ) .  The r e s u l t i n g  one-center  expansions 
a re  : 
I w=-l 
There i s  a S t r i k i r ' . g  s:-rrLi'ia,rEty between the  second terms 
of HLL and HSS9 t h e  difference b e i r g  t h e  r a d i a l  c o e f f i c i e n t  
R and t h e  appearalzce of" l i n e a r  mcrnentllrn o p e r a t o r s  i n  HTL -I 
and s p i n  i n  Hsse It I s  i n t e r e s t i n g  tG n o t e  t h a t  t he  angu- 
l a r  momentum operaLors  dc  nct, appea r  ir. HLLo It i s  indeed  
p o s s i b l e  to r e d r i t e  t h i s  Ham1;tonfan i n  s c h  a way t h a t  I t  
c o n t a i n s  a,ngcniar m c n l e n t J m  t e rms  b u t  t he  t r ans fo rmed  H a m i l -  
t o n i a n  does n o t  sinF1i fy a p p r e c i a b i , j  ., *' I n  all,  these  expan- 
s i o n s ?  the VaridbiPs a a ~ c c i a c e d  w1.+Yl^ , e l e c t r o n  j a n d  k are  now 
s e p a r a t e d ,  I n  tAls f c r m  tke  a n g i i a r  p a r t  of the  n a t r i x  e l e -  
ments  o f  these H x 2  :t,i:rlia,n.s c&ri be ca . r r i ed  o u t  i n  a s t r a i g h t -  
forward  manner ,,see S e e -  5 , ' o  [\. d i f f f c u i t y  a r i s e s  i n  t h e  
r a d i a l  i n t e g r z t i o n s  s i n c e  t r e  c o e f f i c i e n t s  R(-n ,e )  f o r  n>l  
i n v o l v e  i n f i n i t e  s l i m  
I n  t h e  case of HLL and HSL t h e s e  i n f i n i t e  sums can be 
transformed i n t o  f i n i t e  Ones by apply ing  t h e  g r a d i e n t  for- 
mula t o  Eqs. (2-4) and (2-6) r e s p e c t i v e l y .  The procedure 
makes u s e  of the f a c t  t h a t & l ( ’ r j k  3 appears  i n  tnese two 
Hamil tonians.  By making use of the r e l a t i o n s h i p  
21 
and t h e  g r a d i e n t  formulal 





one can r e w r i t e  HLL and HSL i n  the fo l lowing  way 
E(x-y)  = 1 for x)y; E =  0 for y)x. With these equa t ions  
where 
a 0 0  I 
20 
I n  a c a l c u l a t i o n  o f  m a t r i x  e l emen t s  of  HLL t h e  a n g u l a r  
i n t e g r a t i o n  r e s t r i c t s  the r a n g e s  of g and t and t h e n  
C (  Q,L,t ;OO),  s a y ,  l i m i t s  the  sum over  4 .  
gular  i n t e g r a t i o n  d i r e c t l y  l i m i t s  t h e  s u m  ove r  [ . 
For HSL t h e  an- 
21 
4. Two-Center Expansion 
One has  t o  d i s t i n g u i s h  s e v e r a l  r eg ions  i n  two-center 
expans ions .  22 I n  longe range f o r c e  c a l c u l a t i o n s  t h e  d i s -  
t ance ,  R, between t h e  tw:, c e n t e r s  i s  l a r g e r  than  the s i z e  
of the charge d i s t r i b u t i o n s  of t h e  i n t e r a c t i n g  molecules.  . 
I n  t h i s  case  one can expand the B r e l t - P a u l i  Hamiltonian i n  
a series i n  i n v e r s e  powers of R .  To o b t a i n  two-center ex- 
pans ions  f o r  the r eg ions  where t h e  charge d i s t r i b u t i o n s  
ove r l ap ,  one begins  w i t h  the one-center  result, t ransforms 
t o  the second c e n t e r  and re-expands the r e s u l t .  
The coord ina te  system used i n  t h e  two-center expan- 
s i o n  i s  given i n  F ig .  1. The x,y and z axes  of t h e  two 
coord ina te  s y s t e m s  a r e  p a r a l l e l .  I n  g e n e r a l z i s  no t  a long  
the z a x e s .  
l i e  a long  the z-axes.  The vec to r  r s p e c i f i e s  t h e  p o s i t i o n  
However, i n  most  a p p l i c a t i o n s  n R i s  chosen t o  
-3 
of e l e c t r o n  j w i t h  r e s p e c t  t o  c e n t e r  A and -k r' t h e  p o s i t i o n  
of e l e c t r o n  k r e f e r r e d  t o  cen te r  B. 
n u c l e i  a r e  des igna ted  by  2, and --B r r e s p e c t i v e l y .  
The p o s i t i o n  of t h e  
1 
The q u a n t i t i e s  Y:(ejk, vJk )  and r y n  J k  which occur i n  
the t e n s o r  forms of  the B r e i t - P a u l i  Hamiltonian m u s t  be 
expressed i n  terms of t h e  v a r i a b l e s  of t h e  two coord ina te  
s y s t e m s .  To g e n e r a l i z e  Eq. (3-1) t o  two c e n t e r s ,  one makes 






where on t h e  r i g h t  h a n d  s i d e  we have permuted zk and r 
which in t roduces  the  phase factor (-1) 
4 N 1 
g k  + z9 Since zk = 
(&) can be expanded us ing  Eq.  (3 -1)  t o  g ive  





The two-center expansion of  r ik  f o r  o v e r l a p i n g  charge - 
d i s t r i b u t i o n s  is  i n  g e n e r a l  v e r y  complicated.  For n = 1 
22 the expans ions  have been done fc r  the  b v e r l a p  r e g i o n s .  
A method has been developed t h a t  can be used f o r  the gene- 
r a l  expansion of r 
u s e f u l  expansion has r e c e n t l y  been de r ived  by Sack. '8 
49 
For the non-overlapping r e g i o n  a -n 
jk" 
I n  
t h i s  case e l e c t r o n s  j and k are  a s s o c i a t e d  w i t h  c e n t e r s  A 
and B r e s p e c t i v e l y .  The fo l lowing  r e s u l t  i s  v a l i d  f o r  R 






In Eq. (4-7) r ( x )  i s  t h e  Gamma. fi~.r??t.ion and the do~i'FI1e 
f a c t o r i a l s  a re  def ined  i n  Sec. 3. The two c e n t e r  expansion 
f o r  the o r b i t - o r b i t ,  spin-spin,  and s p i n - o r b i t  Hamiltonians 
can now be obta ined  by s u b s t i t u t i n g  Eqs .  (4-4) and (4-5) i n  
Eqs.  (2-15), (2-17) and (2-20) r e s p e c t i v e l y  and coupl ing  
t h e  v a r i o u s  s p h e r i c a l  harmonics. In the r e s u l t i n g  equa- 
t i ons26  the v a r i a b l e s  a s s o c i a t e d  w i t h  c e n t e r s  A and B are 
sepa ra t ed .  
12 The Wigner-Eckart theorem when a p p l i e d  t o  t he  angu la r  
p a r t s  of t h e  matrix elements of HLL, HSS, and HSL y i e l d s  
s e l e c t i o n  r u l e s  f o r  these Hamiltonians.  
26 
5. Majcrix Elements 
The one-and two-center expansions of  the B r e i t - P a u l i  
Hamiltonians HLLJ HSSJ and HSL a re  of t he  g e n e r a l  form 




t h e n  the ma t r ix  e lements  of the Hamil tonians can be cal-  
c u l a t e d  i n  a s t r a i g h t f o r w a r d  manner. I n  Eq. (5-5) '1 ( s a )  
is a two component s p i n o r  (pi = - V2). 
P; -' + 
I n  and HSL one first has t o  o p e r a t e  w i t h  T ; L U ( ~ j )  
on the wave f u n c t i o n .  Appl ica t ion  of the g r a d i e n t  formula 
('Eq. (3-18)) y i e l d s  
where 
(5-7) 
w i t h  a l l  the o t h e r  A ' s  v a n i s h i n g  because  of  the t r i a n g u l a r  
c o n d i t i o n  i n  C( 4 ,l,p-;Od). The a n g u l a r  i n t e g r a t i o n s  i n  
27 and HSL are  now a l l  of the  same form, namely H~~~ H~~~ 
The s e l e c t i o n  rules for t h i s  a n g u l a r  i n t e g r a t i o n  can  be 
d i r e c t l y  o b t a i n e d  from the  Clebsch-Gordan c o e f f i c i e n t s .  
The i n t e g r a l  v a n i s h e s  u n l e s s  @+ P i f q f )  0 - 4 I and the 




The i n t e g r a t i o n  ove r  the s p i n  v a r i a b l e s  i s  g i v e n  by 
2 2  
the  e x p r e s s i o n  
The remaining r a d i a l  i n t e g r a l s  depend on the p a r t i c u l a r  
choice of $(r i )  and cannot  be done i n  a g e n e r a l  manner. 
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